Cracks generate the largest strain gradients that any material can withstand. Flexoelectricity (coupling between strain gradient and polarization) must therefore play an important role in fracture physics. Here we use a self-consistent continuum model to evidence two consequences of flexoelectricity in fracture: the resistance to fracture increases as structural size decreases, and it becomes asymmetric with respect to the sign of polarization. The latter phenomenon manifests itself in a range of intermediate sizes where piezo-and flexoelectricity compete. In BaTiO3 at room temperature, this range spans from 0.1 to 50 nm, a typical thickness range for epitaxial ferroelectric thin films.
The best known and most technologically exploited electro-mechanical coupling mechanism in solids is piezoelectricity, by which electric polarization is generated by strain, or conversely strain is generated by an applied electric field. Flexoelectricity is a different electromechanical coupling mechanism, whereby polarization couples to spacial variations of the strain field (strain gradients). Flexoelectricity is a more widespread property than piezoelectricity-it is, in fact, a universal property of all insulators [1] [2] [3] , and it is particularly strong in materials with high dielectric constants such as ferroelectrics [4] [5] [6] [7] [8] [9] .
Because of the size-dependence of strain gradients, flexoelectricity is most conspicuous at the nanoscale. At these scales, large strain gradients can be achieved without rupture, leading to large flexoelectric effects in samples such as thin films [10] and near nano-inclusions [11, 12] . Recent nano-indentation experiments on ferroelectrics have shown a strong size-dependent stiffening [13, 14] and electric-field-dependent elastic modulus [15] , attributed to flexoelectricity caused by the highly inhomogeneous strain field produced by the nanoindenter. Flexoelectric sensors based on ferroelectrics have been proposed to detect localized damage where strain gradients are prominent [16] . These results highlight the effect of flexoelectricity on mechanical properties, and suggest that flexoelectricity may play an important and hitherto overlooked role in fracture physics.
The ultimate strain gradient that any material can withstand is that which exists around a crack tip: the material just before the crack apex is, by definition, on the verge of rupture, and hence under the maximum deformation it can stand, while the distance over which this strain is released tends towards the atomic scale at the apex. Cracks are therefore a natural ground where to search for flexoelectric effects.
In this paper, we analyze the fracture of ferroelectrics using a self-consistent model of flexoelectricity [17, 18] . Macroscopic experiments [19, 20] have already shown that the resistance to cracking depends on the direction of polarization, in agreement with theoretical models coupling fracture and ferroelectricity [21, 22] . Here, we find that, in the presence of flexoelectricity, the resistance to fracture significantly increases (fracture toughening) in a size-dependent manner, and moreover that this toughening is asymmetric with respect to the sign of the polarization. The latter observation is the most far-reaching result of this paper, as it challenges the theory of mechanical properties, which predicates that in the absence of flexoelectricity all mechanical properties of all materials -including ferroelectrics-are symmetric with respect to space inversion.
To examine the role of flexoelectricity on fracture physics of polar materials, we consider a linear continuum theory of piezoelectricity with poling [23] , augmented with flexoelectricity [17] . We discuss later the quantitative limitations of this simple but transparent model. The electrical enthalpy density of a poled piezoelectric solid possessing piezoelectricity and flexoelectricity can be written as
where E is the electric field, defined as E i = −∇ i φ, φ being the electric potential. The first term is the elastic potential, where C is the fourth-rank tensor of elastic moduli. The piezoelectric coupling between strain and electric field is through the second term via the thirdrank tensor of piezoelectricity e. In this formulation, the remanent state of the piezoelectric material has been taken as the reference configuration, and the poling of the piezoelectric material is implicitly encoded in the symmetry of the piezoelectric tensor e [23] . The last term is the electrostatic potential, where k is the second-rank dielectric tensor. The flexoelectric coupling between the gradient of strain ∇ε and the electric field is through the third term, where the fourth-rank flexoelectric tensor µ describes both direct and converse flexoelectric effects [24, 25] . The fourth term is the strain gradient elastic potential, g being the sixth-rank strain gradient elasticity tensor. This term is usually discarded, but it is important in the presence of strong elastic gradients, and it guarantees the thermodynamic stability of the model in the presence of flexoelectricity [11, [25] [26] [27] . Alternatively, the thermodynamic stability can be maintained by including the correlation energy (square of the polarization gradient) in the thermodynamic potential [1, 26, 28] . The electric displacement D can be derived from Eq. (1) by differentiating with respect to −E. Since D = ε 0 E + P, where P is the electric polarization and ε 0 is the permittivity of free space, and introducing the dielectric susceptibility χ ij = k ij − ε 0 δ ij , we obtain the constitutive relation for polarization as
which includes dielectric, piezoelectric, and flexoelectric contributions [1, 29] . Defining a usual stress tensorσ and a higher-order (hyper) stress σ arising from flexoelectricitŷ
the constitutive equation for the mechanical (Cauchy) stress σ emerging from the theory can be written as
where the converse flexoelectric effect is through the third term, ∇E being the electric field gradient. This contribution to Hook's law has been included in the constitutive equations of flexoelectric materials [30] , as well as electromechanically coupled mixed ionic-electronic conductors [31] . In this model the essential and natural electrical boundary conditions are identical to those of electrostatics
where φ and ω are the prescribed electric potential and surface charge density, n i is the outer unit normal to the boundary of the domain Ω, and Γ φ and Γ D are disjoint parts of the boundary of the domain, ∂Ω, whose union is the whole boundary, Γ φ ∪ Γ D = ∂Ω. As for the mechanical boundary conditions, either displacement or traction need to be specified:
where u i and t k are the prescribed mechanical displacements and tractions, V j = ∂ j − n j V n is the surface gradient operator, V n = n k ∂ k is the normal gradient operator, and Γ u ∪ Γ t = ∂Ω. It is clear that the traction boundary condition in Eq. (8) is affected by the higher-order stresses. In addition to these boundary conditions, the strain gradients result in other types of boundary conditions [27, 32] 
where υ is the prescribed normal derivative of displacement, r k is the higher-order traction, and Γ v ∪ Γ r = ∂Ω.
Here, we assume Γ r = ∂Ω and natural boundary conditions, r = 0.
In the absence of surface charges, the total electromechanical enthalpy is
where t are the mechanical tractions applied on the boundary. The self-consistent governing equations in weak form for the electro-mechanical boundary value problem follow from making the enthalpy stationary with respect to the displacement and electric potential fields [17] . Numerically, we deal with the fourth-order nature of the partial differential equations by approximating displacements and electric potential using a meshfree method with smooth basis functions [33] .
To evaluate the role of flexoelectricity on the fracture of ferroelectrics, we compute energy release rates in a poled specimen. In Griffith's theory, fracture occurs when the energy release rate G reaches the energetic fracture toughness of the material G c . Therefore, a decrease in G due to the electromechanical coupling is interpreted as a toughening effect on the material [34, 35] . The energy-release rate G is defined as the reduction in the potential energy of the cracked body per unit increase in the crack length a (in two dimensions). Considering two cracked plane specimens with the same material, configuration, loading and boundary conditions, and cracks of slightly different length ∆a, the energy release rate can be computed as G = [H(a) − H(a + ∆a)]/∆a, where H is given in Eq. (11) .
We consider two pre-cracked beams, with pre-crack lengths of a = h/4 and a = h/4 + h/1000 (∆a = h/1000), in a four-point bending configuration as shown in Fig. 1(a) , with the material properties of barium titanate (BaTiO 3 ) [36] and poled along the x 2 -axis. We consider both the longitudinal and transversal flexoelectric coefficients µ 11 and µ 12 . Given that there is not yet a universal consensus regarding the size, or even the sign, of these coefficients for any material [2] , we consider three cases C1: µ 11 = µ 12 , C2: µ 12 = −10µ 11 , and C3: µ 11 = 2µ 12 , where the latter two limiting cases are chosen according to reported values for ferroelectrics [7, 37, 38] . The magnitude of these coefficients is chosen as µ = χf , where f is the flexocoupling coefficient and the dielectric susceptibility of BaTiO 3 at room temperature is χ 11 = 36 nC·(Vm) −1 along the a-axis and χ 33 = 1.7 nC·(Vm) −1 along the c-axis [39] . The value of f has been estimated to be of the order of 1 − 10V for simple ionic solids [2] . We choose an average value of f = 10V, as measured on single crystals [40] . Although surface piezoelectricity is theoretically expected to contribute to the total flexoelectric coefficient [41] , we do not incorporate it as a separate term since (i) the actual thickness and piezoelectric coefficient of the surface have not yet been characterized for any material and (ii) the effect of surface piezoelectricity is contained within the effective flexoelectric coefficient [41, 42] . The parameter g = 1.4 × 10 −9 N is chosen to satisfy the stability condition for the flexoelectric equations [27] , in the order as that chosen in [25] . The energy-release rate is obtained as a function of the beam thickness h with the poling direction parallel (positive) and anti-parallel (negative) to the pre-crack, see Fig. 1(a) . To screen the surface depolarization field, we assume that the top and bottom sides of the beam are connected to the ground, i.e., the electric potential is fixed to zero, while other sides are charge-free. The aspect ratio of the beam is fixed to L/h = 7, L being the length of the beam. For symmetry reasons, only the right half of the beam is analyzed. A non-uniform node distribution is considered for the model discretization, with higher concentration of nodes around the crack tip, as shown in Fig. 1(b) . A point load F = 9 × 10 4 √ h Nm −1/2 is considered to supply sufficient energy for fracture at different length scales, i.e. the calculated energy release rates are in the order of the energetic fracture toughness of BaTiO 3 , G c = 2 (Jm −2 ) [21] . The flexoelectric model adopted here has several intrinsic length-scales, in particular that given by the balance between piezo-and flexoelectricity, ℓ 1 = µ/e, and that resulting from the competition between usual and straingradient elasticity, ℓ 2 = g/Y , where Y is the Young's modulus. With our parameters, Y = 160 GPa and the piezoelectric coefficient e 33 = 5.5 Cm −2 for BaTiO 3 [36] , we find ℓ 1 ≈ 6 nm and ℓ 2 ≈ 0.1 nm, the latter in agreement with [43] . We examine next how these length-scales manifest themselves around a crack tip. Figure 2 shows the relative weight of the different terms in the electrical enthalpy density in Eq. (1) as we approach the crack tip along the symmetry plane shown in Fig. 1(b) . It can be observed that, as estimated by ℓ 1 , the flexoelectric contribution dominates the piezoelectric contribution below around 6 nm. Similarly, the strain gradient elastic term only becomes relevant and larger than the usual elastic term at very small scales comparable to ℓ 2 . This analysis suggests that, since ℓ 2 is much smaller than ℓ 1 and than structural size, it does not play a quantitative role in our calculations, other than guaranteeing thermodynamical stability. Our numerical experiments suggest that both of these length-scales, ℓ 1 and ℓ 2 , need to be resolved with a fine node distribution near the crack tip for stable numerical solutions. Figure 3 (a) presents the energy release rate G as a function of the beam thickness h for the poled piezoelectric beam with and without considering flexoelectricity. As expected, without the flexoelectric effect, the energy release rate is independent both on the size of the beam and the poling direction, see Fig. 3(a) . By introducing flexoelectricity, we observe two effects: (1) the energy release rate decreases with the beam thickness, i.e. the thinner the beam, the tougher, and (2) this fracture toughness enhancement is sensitive to the poling direction, which we term fracture toughness asymmetry. For instance, a 78% reduction in energy release rate is observed for the parallel (positive) poling direction in the C2 case for a thickness of 2.4 nm, corresponding to the thinnest BaTiO 3 film retaining ferroelectricity [44] . While for BaTiO 3 smaller sizes are not physically meaningful, we report results corresponding to thicknesses below 2.4 nm to examine the general features of fracture physics in the presence of flexoelectricity, which may be relevant for other materials that preserve piezoelectricity down to lower film thickness such as BaZrO 3 [45] and PbTiO 3 [46] , or for materials with larger length-scale ℓ 1 than BaTiO 3 . We also note that at very small scales, our continuum model may become questionable due to lattice rearrangements, such as crack-tip blunting as a result of dislocation emission.
To understand the origin of the fracture toughness enhancement, we plot maps of polarization magnitude for different beam thicknesses, shown in Fig. 3(b) for the positively poled piezoelectric beam with flexoelectricity in the C2 case. Since the electric field is induced by the flexo-and piezoelectric effects, we can graphically represent the polarization pattern by focusing on the dielectric polarization P e = χE. As the beam thickness decreases, the relative size of the flexoelectrically polarized region around the crack tip increases. A similar and smaller effect is also observed for the negatively poled piezoelectric beam and for the other two cases C1 and C3 (not shown). In the absence of flexoelectricity, we obtain a polarization magnitude map similar to that in Fig. 3(b) I irrespective of the beam thickness.
The response of the beam with the flexoelectric effect is also sensitive to the poling direction. Figure 3(a) shows that the energy release rate of the beam (C2) with the positive poling direction is lower than that with negative poling direction, i.e. the beam poled parallel to the crack is tougher. This direction is reversed in the C1 and C3 cases. Figure 4 presents the fracture toughness asymmetry obtained as the absolute percentage difference be- tween the energy release rates of the negatively and positively poled beams with flexoelectricity, as a function of the beam thickness. The insets show the polarization field in a small area around the crack tip for three different beam thicknesses for both the negatively and positively poled material in the C2 case. A significant asymmetry is observed in a wide range of beam thickness (spanning over one order of magnitude). For thick beams, the response is dominated by piezoelectricity, Fig. 4(I±) , while for thin beams, the response is mainly due to flexoelectricity, Fig. 4(III±) . The polarization fields induced by piezoelectricity in Figs. 4(I-) and (I+) are antisymmetric with respect to changing the poling sign, i.e. they are identical in magnitude but have reverse direction. As shown in Fig. 3(a) , this sign reversal does not affect the material toughness. Turning now to the small-scale limit, the flexoelectric-induced fields are symmetric with respect to changing the poling sign, i.e. they do not depend on the poling direction, see For BaTiO3 at room temperature, the range with significant fracture toughness asymmetry is between 0.1 nm and 50 nm approximately. This is a typical thickness range for epitaxial ferroelectric thin films. For the critical thickness 2.4 nm, the asymmetry reaches a considerable value of about 90% in the C2 case; such enormous toughness asymmetry should be observable via nanoindentation experiments in epitaxial films.
Domain switching makes the fracture response of ferroelectrics more complex [21, 23, 47, 48] . As mentioned earlier, the present model is based on the linear theory of piezoelectricity in the absence of domain switching. However, in ferroelectric materials such as BaTiO 3 in the tetragonal phase, ferroelastic switching becomes favorable when the polarization is parallel to the crack. Ferroelastic switching is precluded in BaTiO 3 thin films epitaxially clamped onto substrates imposing compressive in-plane strain. Even then, a strong enough flexoelectric field can induce 180 o switching of the material polarization, the so-called flexoelectric switching [1, 2, 10] . If switching occurs, it may lead to energy dissipation near the crack tip, consequently leading to stronger fracture toughness asymmetry.
The calculated size of the flexoelectrically-induced polarization near the tip apex is huge: 2.5 C/m 2 . This is 10 times larger than the actual ferroelectric polarization of BaTiO 3 . This is of course the reason why in the low thickness limit the toughness is insensitive to the ferroelectric orientation. The size of the flexoelectric polarization is so large that higher order coupling terms should not be neglected [49, 50] . The magnitude of these terms, however, are still unknown and we hope this discussion motivates more research into the measurement of higher order flexoelectric coefficients. It has also been suggested that, because soft materials can withstand larger strain gradients, flexoelectricity is likely to play a significant role in this context [51, 52] , where fracture is significantly affected by elastic nonlinearity near the crack tip [53] . Thus, the inclusion of nonlinear effects is the natural next step in understanding the physics of fracture and flexoelectricity. It would be very interesting to corroborate our results with atomistic calculations, but unfortunately this is extremely challenging because the physical effects that we are reporting require spanning several orders of magnitude in size.
In summary, the flexoelectric effect leads to a significant enhancement in fracture toughness of BaTiO 3 at thicknesses below 50 nm. Importantly, at intermediate scales the fracture toughness is sensitive to the poling direction of the material (parallel or anti-parallel to the crack), which is not the case in the absence of flexoelectricity [21, 22] . Flexoelectricity therefore fundamentally changes the symmetry of fracture physics: while crack propagation was hitherto thought to be invariant with respect to space inversion for all materials, the present work shows that this symmetry is broken in polar materials. This phenomenology can be understood in simple terms from the symmetry and size-dependence of flexoelectricity. We predict that the toughness asymmetry could reach values as high as 100% for ultra-thin epitaxial films of BaTiO 3 .
